An example of a four-level STED system is analyzed in analogy to a four-level laser system, but the special space dependence of the STED light is taken into account, restricting the fluorescence from extremely small volume, and thus extremely high resolution is obtained.
Introduction
The observation of sub-wavelength structures with microscopes is restricted usually by the Abbe diffraction limit [1] , by which light with a wavelength 0 /n λ λ = travelling in a medium with a refractive index n and angle θ will make a spot with radius
The term sin n θ appearing in the denominator is called the numerical aperture (NA) and the Abbe limit for ordinary microscopes is of order / 2 λ .
To increase the resolution one may use UV and X-ray microscopes which increase the resolution due to their shorter wavelength. Such microscopes suffer from lack of contrast in biological systems, are expensive and may also damage the sample. One can increase the resolution also by using electron microscopes where the electron mass wavelength is relatively small but electrons can interact with the biological systems and then would lead to distorted images.
Recently, very high resolutions have been obtained in biological systems which are much better than the Abbe limit by using far field optical methods, including superresolution fluorescence microscopy. The amount of articles on this topic is enormous and I refer to some review articles [2] [3] [4] [5] [6] [7] for the experimental details of such high resolution experiments. While the far field optical methods have been verified and analyzed in many works I would like, in the present work, to discuss the relations between super-resolution measurements and uncertainty relations.
We follow in the present article the idea that super-resolution effects can be related to space-momentum uncertainty relations. In the one dimensional x direction the classical uncertainty relation can be given as 1/ 2
, where , but for our purpose it is enough to use the classical uncertainty).
In the general case, the super-resolution measurements can be related to unceretainties in a three-dimensional space. Usually the super-resolution effects are described in the lateral ( , ) x y space but super-resolution in the axial z direction is also important and can be realized by longitudinal optical focusing techniques.
I describe, shortly, in the next Section the optical super-resolution methods known as Near Field Scanning Optical Microscopes ( NSOM) [8] [9] [10] [11] [12] [13] , hyperlens system [14, 15] , and structured illumination microscopy (SIM) [2, 4] . I show that the common feature of these methods is their relation to the above uncertainty relation. The idea behind these methods is that by using patterns with high spatial frequencies the 'effective' wavelength becomes smaller and thus increases the resolution. There are also other optical methods which are based on using high spatial frequencies e.g. using multi-photon processes with a large frequency uncertainty . One should notice that (2 / ) c k c π λ ω ∆ = ∆ = ∆ , so that uncertainties in the wavevector k involves a wide distribution for ω , and vice versa. One should notice therefore that in the super-resolution measurements the increase in the spatial frequencies should involve a wide distribution in the frequency ω . Such effect is opposite to that of lasers where there ω ∆ tends to be very small while / t x c ∆ = ∆ becomes very large.
While the optical methods lead to a resolution which is better than the Abbe limit , it is quite surprising to find that the resolution obtained in far field microscopic biological measurements is even much better. Most of the super-resolution measurements in biological systems are based on fluoresence light emission. A main problem in using fluorescence emission for super-resolution measurements is that the emission from different biological structures will overlap and thus would lead to destructive interference. Therefore, different methods have been developed to localize the fluorescence emission from individual biological micro-elements, (see e.g. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] ).
A special type of fluorescence scanning for super-resolution measurements which is known as Stimulated Emission Depletion (STED) microscopy has been developed by S.W.
Hell and his colleagues [16] [17] [18] [19] [20] [21] [22] [23] . The size of the fluorescence spot ,i.e., the point spread function (PSF) , can be reduced by employing a second STED laser in addition to the first excitation laser, where by stimulated emission it prevents the fluorescent emission in the outer region of the excitation spot. The STED laser beam has a wavelength longer than the detected fluorescence, therefore, the stimulated emission will also emit at longer wavelength not seen by the detector. The shape of the effective fluorescence spot which determines the spatial resolution is sharpened by the second STED beam laser via the stimulated emission.
Treating a desired depletion beam profile at the focal point is one of the major challenges to improve the resolution. My point is that in the STED method one gets a very rapid space dependence of the number of molecules in the excited states from which fluorescence is obtained so that the Fourier transform of such space dependence would lead to high spatial frequencies reducing the 'effective' wavelength by some orders of magnitudes and thus leads to the super-resolution effects.
There is a fundamental problem in a quantitative treatment of stimulated emission in biological super-resolution measurements which is quite often ignored. I will analyze in Section 3 the RESOLFT method and discuss the reasons why in this method one can obtain super-resolution measurements by EM fields which are weaker by many order of magnitudes relative to those used in the original STED method.
Although there are other methods for obtaining super-resolution measuremets, the differences between them are mainly in the optical techniques for getting smaller effective wavelength and their relations with the uncertainty relations are similar to those described in the present article. I use an approach for super-resolution in biological systems in Section 3 which is consistent with the analyses given for optical systems in Section 2. I demonstrate the present approach by analyzing the above special systems.
Super-resolution effects related to Helmholtz equation and to high spatial frequencies in optical systems
In homogeneous medium the Helmholtz equation is given as ( ) The assumption of scalar EM fields simplifies very much the analysis of superresolution effects , and the main properties of diffraction effects can be related to such fields [29, 30] . In order to overcome the Abbe diffraction limit various methods have been The NSOM method is based on the use of evanescent waves obtaining the relation
where z k becomes imaginary ,i.e., there is a decay of the wave in the z direction. The increase of the components of the wavevector k in the ( ) , x y plane decreases the "effective" value of the wavelength in this plane, and thus increases the resolution. But the evanescent wave decay, however, in the z direction perpendicular to the object plane, so that in order to "capture" the fine structures which are available in the evanescent waves we need to put detectors very near to the object plane from which the EM waves are propagating. Different super-resolution effects which are obtained by the use of evanescent waves have been analyzed in previous articles [9] [10] [11] [12] [13] .
Propagating waves with high wave vectors have been realized also by the use of the hyperlens [14, 15] composed of certain meta materials. The principles by which such system is obtained can be explained as follows. The dispersion of EM waves in cylindrical coordinates for an isotropic medium is given by 
where r is the distance from the center. The tangential component k θ of the wave vector for a certain m number increases towards the center as 1 / k r θ ∝
, and then according to Eq. (4), below a certain ciritical r value r k becomes imaginary so that the angular states are converted to evanescent waves.
In the case of uniaxial anisotropy the dielectric permittivity is characterized by two values: ε along the optical axis of the crystal, and ε ⊥ transverse to the optical axis.
Propagating modes can be decomposed into two polarization states: the ordinary (TE) and extraordinary (TM) waves. For ordinary (TE) waves, the electric field vector is transverse to the optical axis and produces the same dielectric response (given by ε ⊥ ) independent of wave propagation direction. For extraordinary (TM) wave the electric field has components both along and transverse to the optical axis and the elliptic dispersion relation is given by
where k ⊥ and k refer to wave vector components normal or parallel to the optical axis.
In the case of strong anisotropy where ε ⊥ and ε are of opposite signs, the dispersion relation becomes hyperbolic :
where 0 , 0 r θ ε ε > < . As the tangential component of the wave vector increases towards the center, the radial component also increases , and we get propagating waves with very large wave vectors leading to super resolution effects. The relation (7) can be obtained by certain optical techniques using such meta materials, and by which the hyperlens has been realized (see e.g. [14, 15] ).
The use of meta materials for obtaining super-resolution has been analyzed also for another system known as Pendry lens [31] , but the transformation of evanescent waves into propagating waves is very crucial for effective realization of such system [32] .
The basic concept of Structured illumination Microscopy (SIM) [2, 4] is to produce interference between the unknown structure which have low spatial frequencies with another known pattern. If the known pattern have higher spatial frequencies the technique will present a better spatial resolution. The idea that the convolution between two spatial patterns would lead to super-resolution effects and also to other interesting phenomena has been described in a previous work [12] .
Super-resolution measurements in fluorescence biological systems related to lasers theories
My argument is that there are close relations between the STED method and laser theories [30] . For demonstrating a laser theory approach to this system, I analyze here an example of four-level STED microscope described in [16, 22] . In this scheme we have two molecular electronic levels where the level with smaller electronic energy is denoted as 0 S , and that with the higher electronic energy as 1 S .We take into account also that each of these [16, 22] .
One might notice that the four-level scheme described here is similar to a four-level scheme used in laser theories (see e.g. Figure 13 .2.6 in [30] ), but as the mechanism for obtaining super-resolution in the STED method is different, we need to insert some changes 
where ( ) σ ν is the transition cross section for spontaneous emission given by
Here sp t is the spontaneous life time, ( ) g ν is the line shape with a width ν ∆ around a central resonance frequency 0 ν . While the equations of motion for the above four-level system have been presented [16] their explicit solutions will turn to be quite complicated. In order to relate such equations to an analysis of a STED microscope it is preferable to reduce the equations to the two-level,1 and 2 , system where the stimulated emission and absorption is operating between them, in analogous way to the two-level laser systems [30] . 
dn t n t n t R dt
dn t n t n t dt τ τ = − + (11) where the tilde over the photon numbers 1 ( ) n t and 2 ( ) n t at time t denotes that these numbers densities are obtained in the absence of the STED radiation. 
where 0 N is the steady state population in the absence of the STED laser. Assuming 
STED dn x t n x t R W x n x t n x t dt
[ ] 
STED vib dn x t n x t n x t W x n x t n x t dt
and from Eq. (16) and (15):
Substracting Eq. (17) 
where ( ) N x is the difference in the population number densities under steady state conditions between levels 2 and 1 at point x . We notice that according to Eq. (13) that 2 2,1
 is equal to 0 N , which represents the steady state difference in the number densities of photons in the absence of the STED laser.
We define
and then we get
where S I is the light saturatiuon intensity. Eq. (20) shows the ratio between the difference in the number of molecules [30] p.486, for Doppler broadening, but a similar result can be given for other cases of inhomogeneous broadening. In many biological systems, saturation effects are assumed to be given by (22) , as in other cases of inhomogeneous broadening.
Although we have given a detailed analysis of the STED method for the above fourlevel system similar analyses can be made for other systems, e.g. the three-level system [17] . Activation of molecule occurred randomly. The activation laser is turned off and molecules that were activated are read out, using a second, typically lower energy laser, called the read out laser. Readout means detection of fluorescence from activated molecules within the illuminated area. One should take into account that when molecules are present in close proximity, localization becomes inaccurate or impossible. Separating activation and imaging allows to contract the fraction of molecules in the fluorescent state at a given time, such that the activated molecules are optically resolvable from each other and precisely localized. In one imaging process the detection is over separated superfluorescent molecules so that there will not be any destructive interference between them. By repeating the imaging process other fluorescent molecules are detected and by a combination of all these imaging processes the full image is obtained.
The precision of localization process in the FPALM is given approximately by / s N ,where s is the standard deviation of the PSF and N is the number of photons detected from one fluorescent molecule before it 'bleaches' , i.e., before it decays or transmitted to other non-fluorescent states. In order that the fluorescence emission of one molecule will be repeated it needs to be under the interaction of the read out laser leading to a repeating process of laser excitation and fluorescence deexcitation. In each deexcitation one fluorescent photon is emitted. The fact that cooperative effects between N photons can lead to high resolution effects has been emphasized and explained in previous works [9, 34] . One should notice that the factor N is the standard deviation in the number of photons in a coherent state and it is related to statistical Poisson distribution [27] . In principle, if one repeats the experiment N times for a single fluorescent photon the same / s N dependence will be obtained. While noise effect can decrease the super-resolution effects, under the condition that these noise terms are relatively small the above 1 / N dependence will be the dominant effect. 
N x t N x t +
is preserved in time. We assume also the initial conditions at time
where N is independent of x . We find according to Eqs. (23) (24) that:
A B N x t N x t N + = (25) where N is independent also of t . By using Eqs. (24-25) we transform Eq. (23) into the
The solution of Eq. (26) satisfying the initial conditions is given by ( )
For t → ∞ we get the steady state result ( )
We find according to the above analysis that RESOLFT method leads to the homogeneous saturation effects described by Eq. (20) .
Eqs. (23) (24) (25) (26) (27) (28) describe the dynamics when the molecules are in the 'on' state A which is fluorescence activated (e.g. switched 'on' with yellow light [23] ). The fluorescence becomes inhibited when the fluoroscent molecule is switched to 'off' state B , which is nonfluorescent (e.g switched 'off' by blue light [23] ). This switching 'on' to fluorescent molecules and switching 'off' to nonfluorescent molecules is repeated many times. 
4.Discussion, summary and conclusions
Along all the present article it has been shown that super-resolution measurements are related to uncertainty relations, where in one dimension such relation is given by 1 2
x k x ∆ ∆ ≥ , and under optimal conditions approximate equality in this relation is obtained. According to this criterion one can decrease the value of x ∆ and thus increase the value of x k ∆ , by which the effective wavelength, which appears in Abbe limit (Eq.1), decreases and is leading to the super-resolution effect. The optimal super-resolution effects which can be obtained in optical and biological systems have been discussed in the present paper.
There are different optical [8] [9] [10] [11] [12] [13] [14] [15] and biological [2] [3] [4] [5] [6] [7] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] systems in which uncertainty relations can be used to obtain super-resolution measurements. In the NSOM method super-resolution measurements are made on evanescent waves in which the wavevector in the propagation direction becomes imaginary increasing the perpendicular wavevectors components. This increase in the spatial frequencies leads to smaller effective wavelengths in the object plane by which resolution is increased. Evanecent waves are ,however, decaying in the propagation direction so that the detectors should be placed very near the object plane and such requirement can be involved with certain experimental difficulties. In recent years a new field of using a special kind of materials known as meta materials has been developed. The explanation for super-resolution obtained in the hyperlens which uses certain meta materials has been described. We have also related the SIM method [2, 4] to the use of interference between spatial modes for getting super-resolution measurements. The common feature of these optical methods, described in Section 2, is their relation to the above uncertainty relation.
Certain theoretical methods which have been developed in relation to lasers theories [30, 33] have been applied in the present paper for the interpretation of various superresolution effects in biological systems. An example of a four-level STED system has been analyzed in analogy with a four-level laser theory [30] , but the special properties of the STED laser have been inserted in this analysis. In order that the STED laser will sharpen the PSF, it needs to have a pattern with zero intensity at the laser focus and nonzero intensity at Localization of molecules by FPALM methods has been treated in the present paper.
The localization of molecules in one experiment is based on the use of only a small number of molecules which are separated, one from another, so that there will not be a destructive interference between them. The crucial point in such method is the interference between N fluorescenting photons under the interaction with a read out laser which reduces the effective wavelength as / N λ and correspondingly reducing the PSF. The relation between this effect and lasers theories has been discussed.
